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Theoretical modeling studies associated with the a.c. field measure-
ment technique have been a major feature of work at UCL for almost the last 
decade [1]. In that technique, the objective is to establish a spatially 
uniform current flow in the surface of a metal and to use this to interro-
gate a defect such as a surface-breaking crack by direct ing it broadside on 
to the crack and measuring the perturbations in the surface voltage distri-
but ion which it produces (Figure 1a). We have described the first major 
result of the theoretical studies as an unfolding theory. It shows that 
when the electrical skin depth 6 is small compared with the defect size, 
the field problem posed by the interception of a uniform current flow by a 
surface-breaking crack is the plane potential problem shown in Figure 1c 
and d. The descriptive name was adopted because the problem domain is that 
formed by conceptually sectioning the material in the plane of the crack, 
as in figure 1b, and unfolding the crack plane about the surface edge BC to 
make it coplanar with the metal surface. This approach has been success-
fully used to solve the field problema associated with cracks of various 
forma, for example elliptical, circular arc, rectangular and triangular, 
and it has enabled us to incorporate the influence of crack aspect ratio on 
the readings of an a.c.f.m. instrument such as the Crack Microgauge [2]. 
Earlier review papers [1,3] give numerous examples of the comparison 
between theory and experiment. 
The explicit assumption that the skin depth is negligibly small in 
this theory implies that perturbations in the field produced by the comer 
of the surface edge BC and the crack interior edge BRC are negligible also, 
since they are assumed to occur over a length scale comparable with the 
skin depth. This view has been confirmed by deeper studies of the comer 
and edge fields [4] which show the solutions in those regions to be passive 
and adapting to the conditions imposed on them by the global solution which 
is determined by the unfolding approach. Implicit also in the unfolding 
theory as it is depicted in Figure 1 are the assumptions that the crack and 
metal surfaces are plane, that the crack faces are electrically insulated 
from each other and that the crack does not penetrate the plate in which it 
is formed. The purpose of this paper is to outline some current work at 
UCL which is concemed with model ing phenomena suah as these by further 
development of the unfolding approach. 
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Figure.1. Unfolded field problem for a surface-breaking orack in the thin 
skin limit. 
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Figure 2. The line-contact problem. (a) faoet formation, (b) model, 
(o) unfolded problem, (d) surfaoe potentials, (e) nature of 
signals V1 and V2• 
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LINE CDNTACTS AND DVERLAPPING CRACKS 
An important circumstance in which the faces of a crack can be in 
electrical contact arises during the growth and coalescence of fatigue 
cracks at the toe of a weld in a steel structure [5]. Cracks initiate at 
various locations along the weld and grow towards each other on slightly 
different planes under repeated load. The cracks may overlap slightly and 
the bridge between them can shear leaving a facet which maintains electri-
cal contact between the faces even when the crack is 'open' (Figure 2a). A 
model of this phenomenon occurring on a crack of uniform depth is shown in 
Figure 2b and electrical contact is maintained across the crack faces along 
the line DB, the line contact. We wish to know how this feature will 
affect the field on the metal surface and the influence it will have on the 
readings of voltage given by a probe contacting the metal surface in its 
vicinity. Although this problem is a complicated three-dimensional problem 
with singular behaviour expected along the line contact, it is made immedi-
ately tractable by the unfolding approach and the solution is remarkably 
simple. Since ADBC is a plane of symmetry, the potential ~ must be con-
stant on ADC and must have the same constant value along DB. Without loss 
of generality this constant may be set at zero and the unfolded field 
problem is thus as shown in Figure 2c. It is mathematically identical to 
the problem of plane irrotational flowpast a normal barrier with fluid 
stream lines analogous to lines ~f constant electric potential~. In terms 
of a complex variable z = x + iy with origin at the bot tom of the line 
contact, the solution is 
(1) 
Figure 2c shows the lines of constant potential in the unfolded plane, 
Figure 2d illustrates the bunching of potential lines on the metal surface 
brought about by the line contact. From this solution the voltage readings 
given by a probe of lengthÂ (see Figure 2d) when aligned along the yaxis 
and moved in the direction x may be deduced. The presence of the line con-
tact produces a characteristic increase in the reference signal V1 taken just before one leg of the probe crosses the crack and a decrease in the 
cross-crack signal V2 as shown in Figure 2e. These features have been con-
firmed by experiments on models of the line contact phenomenon and the 
results of this study have been successfully applied to real line contact 
situations on both Tee butt welds and tubular welded joints, where the 
predicted character of the reference and cross-crack signals is again 
observed [5]. A system of line contacts disposed periodically in the x 
direction also has a straightforward solution and this too has been 
employed in interpret ing measurements made on tubular joints so as to 
describe the influence of neighbouring line contacts. 
As a development of this work, the problem associated with two over-
lapping cracks of uniform depth and shown in Figure 3 has also been con-
sidered [6]. 'In this example the separation of the two cracks is assumed 
to be small compared with the crack depth but large compared with skin 
depth so that corner effects do not intrude. Formulation of the unfolded 
field problem in this case is achieved by consider ing the metal to be 
sectioned on two planes which continue each crack so as to produce the 
domain shown in Figure 3b. The shaded regions are voids with no counter-
parts in the real space and the boundary conditions to be imposed on them 
involve both the potential and the potential gradients. These conditions 
are required to achieve analytic continuation across those lines which 
become contiguous when the problem domain is refolded and to give the 
required antisymmetric character to the solution. The unfolded field 
problem shown in Figure 3b has been programmed and solved by finite 
difference methods - other approaches are of course possible. Figure 3c 
shows an example of the potential lines generated by the solution for the 
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Figure 3. (a) Overlapping cracks of uniform depth, (b) unfolded domain, 
(c) potential lines, (d) surface potential lines, (e) per-
spective of predicted probe signal, large overlap, (f) experi-
mental probe signal. 
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case when the overlap is equal to the crack depth, and Figure 3d the char-
acter of the potentials on the ~etal surface derived from it. A perpec-
tive of the probe signal predicted by the model for a situation where the 
overlap is large is shown in Figure 3e. The interesting antisymmetrical 
features of this plot are clearly reproduced in experiments on overlapping 
spark-eroded notches, the results of which are plotted in figure 3f. For 
cases where the overlap is small compared with crack depth, the antisymmet-
ry remains but the plateau in the signal at the centre of the overlap is 
replaced by a trough, and in the limit of zero overlap the solution 
reproduces that for the line contact problem. 
CORNER CRACKS 
For cracks on comers we seek to direct a uniform current along the 
edge and towards the crack; figure 4 shows a simple symmetric arrangement. 
It is well understood, however, that in the case of very thin skin currents 
flowing along comers without cracks, the current density rises as the 
comer is approached so that the interrogating current is not uniform and 
the surface field is no longer a plane Laplacian. This behaviour presents 
an obstacle to the extension of the unfolding method. It is also well 
known, however, that the concentration of current density at the edge can 
be alleviated by rounding off the corner [7] and we have found it possible 
in practice to achieve a sensibly uniform current density around the edges 
of a mild steel block by virtue of such a slight rounding. It was there-
fore considered worthwhile to use the unfolding approach and the plane 
Laplace problem it produces as a first approximate model in cases where the 
radius of curva ture of the rounded edge is large compared with skin depth 
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Figure 4. (a) Symmetrical comer crack, (b) unfolded approximation and 
potentials of solution, (c) perspective of predicted probe 
signal, (d) experimental probe signal. 
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while still small compared with the crack dimension. Figure 4b shows the 
unfolded field problem, (by symmetry only one half of one face need be con-
sidered) together with potential lines from its solution obtained by using 
the Schwarz-Christoffel transformat ion to map the boundary ABCDE on to the 
real axis. Potential lines on one quarter of the metal surface in the 
vicinity of the crack may be visualized by covering over the triangular 
part of Figure 4b. As with the previous section, the final two elements of 
this figure compare the predicted probe signals (Figure 4c) with those 
obtained experimentally for a particular combination of probe size and 
crack depth (Figure 4d). A more detailed exposition and comparison are 
given in a recent paper [8]. Despite its acknowledged approximate nature, 
the model proves to be very satisfactory. Asymmetric corner cracks have 
also been treated but with the resulting boundary value problem solved 
numerically. 
CURVED SURFACES 
The objective in unfolding a surface field is to produce a Laplace 
problem in a single plane and it has been possible to do this in the 
examples considered so far because of the plane surfaces involved and the 
straight edges about which the unfoldings can be made. The treatment of 
curved surfaces involves a further development in which one part of the 
field is mapped into the required plane by a suitable coordinate or con-
formal transformation. An example involving the latter is the crack of 
circular arc form part way through a cylindrical rod, as in Figure 5a. The 
two two-dimensional Laplace problems involved here are on the crack plane 
labeI led z and on the surface plane s = p + iq which can be considered to 
be wrapped around the rod.with the coordinate q = aS. These fields join 
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Figure 5. Circular arc crack on a circular rod, (a) mapping on to the z 
plane, (b) plane field problem, (c) measurements of centre-line 
depth interpreted through this model. 
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along the curved crack surface ed~ KJ. A single Laplace problem in the z 
plane is generated in this case by mapping the s plane with the conformal 
transformation z = a exp(s/a), which maps the rod surface into the region 
in the z plane outside the circular section containing the crack (Figures 
5a, b). The incident uniform flow on the rod surface is mapped by this 
transformation into a sink flow towards the origin in the z plane and the 
transformed plane potential problem is thus that of sink flow into the 
lunate boundary at constant potential (Figure 5b). This can be readily 
solved by standard techniques, the Karman-Trefftz transformation for ex-
ample, and the potential distribution so found is then mapped back on to 
the cylindrical rod surface to enable probe signals to be calculated. The 
model has been tested experimentally by measuring cross-crack and reference 
signals with probes of various lengths on a series of notches of different 
depths cut on mild steel rods of various radii. For convenience, these 
notches had straight lower boundariesj the method of course can model any 
combinat ion of curvatures of the rod and crack lower boundary. Agreement 
between the real depth and the depth interpreted from the probe signal data 
using this model is excellent as shown in Figure 5c. 
Examples of the use of a coordinate transformation to generate the 
plane potential problem arise from consideration of the effects of surface 
pits. This work began by considering pits of spherical cap form [9] but it 
has recently been extended to pits of arbitrary axisymmetric shape, exam-
ples of which are conical, cylindrical and annular [10]. The effect of the 
coordinate transformat ion there is to map the curved surface so that it 
occupies the plane circular region inside the rim and thus continues the 
surface plane. 
PENETRATING CRACKS 
Consider the situation shown in Figure 6a where the crack has grown so 
that it penetrates the plate in which it is formed. We wish to know how 
the surface fields on both faces of the plate are affected by this penet-
ration. Unfolding in this case involves the two surface edges BG and CF and 
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Figure 6. Unfolded problem for a crack penetrating a plate of finite 
thickn6l5;:S • 
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the procedure is perhaps better described as folding the upper surface 
plane up about BG and the lower surface down about CF so that both become 
coplanar with the crack plane, as in Figure 6b. The boundary conditions to 
be applied at infinity in the lower half of this z plane depend on the way 
in which the lower surface of the plate can communicate electrically with 
the upper. If the plate is a laboratory specimen of finite size and the 
field inputs are arranged symmetrically at two of its ends, then the upper 
and lower surfaces would both have a uniform ourrent sbeet flowing on them. 
If the specimen is very large, however, and is suah that the lower surface 
communicates electrically with the upper only through the penetrat ing 
crack, then there is the possibility of leakage of the field on to the 
lower face but there will be no net current flow at infinity on this face. 
The problem shown in Figur,e 6c is for the latter situation. The field 
problem which arises when the plate has negligible thickness compared with 
crack length is very simple and the solutions on the two surfaces may be 
shown to involve the normal barrier solution in equation (1). For arbit-
rary plate thickness and arbitrary crack shape, the problem has been solved 
by applioation of the Şchwarz Christoffel mapping with the craok profile 
approximated by a polygonal boundary. Theoretical and experimental results 
are in gpod agreement with rectangular and circular arc penetrating slots. 
A paper on this work which also deals with penetrating holes is in 
preparatioii. 
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